The Kepler mission revealed a population of compact multiple-planet systems with orbital periods shorter than a year, and occasionally even shorter than a day. By analyzing a sample of 102 Kepler and K2 multi-planet systems, we measure the minimum difference ∆I between the orbital inclinations, as a function of the orbital distance of the innermost planet. This is accomplished by fitting all the planetary signals simultaneously, constrained by an external estimate of the stellar mean density. We find ∆I to be larger when the inner orbit is smaller, a trend that does not appear to be a selection effect. We find that planets with a/R <5 have a dispersion in ∆I of 6.7 ± 0.6 degrees, while planets with 5 < a/R < 12 have a dispersion of 2.0 ± 0.1 degrees. The planetary pairs with higher mutual inclinations also tend to have larger period ratios. These trends suggest that the shortest-period planets have experienced both inclination excitation and orbital shrinkage.
INTRODUCTION
One of the revelations of the Kepler mission was that Sun-like stars often host planets with sizes between those of Earth and Neptune and orbital periods shorter than a year (Borucki et al. 2011) . The formation of these shortperiod planets and their relationship to wider-orbiting planets are not understood. An interesting clue is that the population of planets with the shortest periods ( 10 days) is different, in some respects, from the population with longer periods.
One difference is in the planet occurrence rate. The function d log N/d log P , where N is the mean number of planets per star and P is the orbital period, increases with period from 0.2-10 days before leveling off to a constant value out to at least 100 days (Petigura et al. 2018) . Another difference is that stars hosting sub-Neptune planets with periods shorter than about 10 days tend to have higher metallicities than those hosting planets with longer periods (Mulders et al. 2016; Petigura et al. fd284@mit.edu 2018; Wilson et al. 2018) . A third difference is in the period ratios between adjacent planets. When the inner planet's period is shorter than a few days, the period ratio tends to be larger than when both planets have longer periods (Steffen & Farr 2013) .
This Letter describes another clue, which we found in the distribution of mutual inclinations. Several scenarios have been proposed to explain the shortest-period planets. In almost all these scenarios, the planet's orbit is initially wider, because of the theoretical difficulty of building a rocky core in close proximity to the star. Some of the proposed mechanisms to shrink the orbits also involve raising the inclination (Hansen & Murray 2015; Petrovich et al. 2018) , while others predict low inclinations (e.g., Lee & Chiang 2017) . Previous studies of Kepler systems concluded that the mutual inclinations are typically 5
• , based on population statistics (Tremaine & Dong 2012; Fabrycky et al. 2014; Fang & Margot 2012) . Here, we focus on systems with the closest-orbiting planets, and attempt to measure the mutual inclination of each system directly by fitting the transit light curves.
SAMPLE SELECTION
Any sample of planets detected with the transit method is strongly biased against systems with large mutual inclinations. However, as the planet's orbit becomes smaller, the range of transiting inclinations becomes larger. The requirement is cos I < R /a, where I is the inclination, R is the stellar radius, and a is the orbital distance. For a/R = 4 (corresponding to P ≈ 1 day for a Sun-like star), transits can occur for inclinations between [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] • . Therefore, by measuring the inclinations of innermost pair of transiting planets around the same star, we can place a lower bound on the mutual inclination ranging up to 15
• for the most favorable cases.
For this study, we selected the Kepler multiple-planet systems with apparent Kepler magnitude (Kp) brighter than 14, for which the innermost planet has a radius smaller than 4 R ⊕ , a transit signal-to-noise ratio (SNR) greater than 20, and a/R < 12. The limit on Kp and SNR ensures that the stars have been well characterized and the transit signals can be modeled precisely. The limit on planet size excludes giant planets, which may have a completely different history of formation and evolution than smaller planets. The limit on a/R corresponds to an allowed range of inclinations of 85-90
• . We augmented our sample with planets with periods <1 day discovered with K2 data. We expect the Kepler and K2 systems to be drawn from similar populations, since the observations were made with the same telescope and achieved nearly equivalent photometric precision after correcting for K2 systematics. Table 1 reports the most important characteristics of the sample.
CONSTRAINTS ON MEAN STELLAR DENSITY
When fitting a transit light curve, there is often a strong covariance between I and a/R . To reduce this covariance, we enforced an external constraint on the stellar mean density ρ , which is related to a/R through Kepler's third law. The external constraint came from fitting stellar-evolutionary models to the observed spectroscopic parameters, K-band apparent magnitude, and parallax. We used spectroscopic parameters from the California-Kepler survey (Petigura et al. 2017 ) whenever available, and from other sources as needed (see Table  1 ). We imposed a minimum uncertainty of 100 K in the effective temperature to account for possible systematic errors. The K magnitudes were from the Two Micron All Sky Survey (2MASS; Skrutskie et al. 2006) , after correcting for extinction using A K = 0.443 E(B − V ) with the value of E(B − V ) from Bovy et al. (2016) (and adopting a 30% uncertainty). The parallaxes were from the Gaia Data Release 2 (Gaia Collaboration et al. 2018 ), although in practice we used the distance estimates provided by Bailer-Jones et al. (2018) . The stellar-evolutionary models were from the Dartmouth Stellar Evolution Database (Dotter et al. 2008) and were compared to the data using the isochrones package by Morton (2015) . The results are given in Column 2 of Table 1 . The typical uncertainty is 8%.
As a consistency check, we compared the isochronebased mean densities with those that were derived from asteroseismology by Van Eylen & Albrecht (2015) . On average, the isochrone densities are 5% smaller than the asteroseismic densities, with a dispersion of 5%. This suggests that one or both methods are subject to systematic errors of a few percent. This level of error does not have an appreciable effect on the subsequent results, as we verified directly, by repeating the analysis using the asteroseismic densities in place of the isochrone-based densities whenever both were available.
LIGHT-CURVE ANALYSIS
For the Kepler systems we used the Pre-search Data Conditioning light curves, and for the K2 systems we used the target pixel files, both were obtained from the Mikulski Archive for Space Telescopes 1 . To construct the K2 time series and mitigate the systematics from the rolling motion of the spacecraft, we used the code described by Dai et al. (2017) . Prior to transit modeling, we removed any long-term photometric trends due to stellar variability or instrumental effects. We masked out the known transits, and fitted the transit-free light curve with a cubic spline of width 0.75 days. In cases for which a nearby stellar companion was reported by Furlan et al. (2017) , we corrected the light curve for the "diluting" effect of the companion.
For each transit, we isolated the segment of data spanning three times the transit duration, centered on the midpoint. We visually inspected each transit and removed those few that were obviously damaged by systematic effects. We used the Batman code for transit modeling (Kreidberg 2015) . The free parameters were the orbital period P , the midtransit time (T c ), the planet-to-star radius ratio (R p /R ), the scaled orbital distance (a/R ), and cos I. We adopted a quadratic limb darkening profile, with coefficients subject to Gaussian priors with widths of 0.3 and mean values determined with EXOFAST 2 (Eastman et al. 2013) . For the longcadence data, we computed the model light curve at 1-minute intervals and averaged it to 30 minutes before comparing it to the data.
To account for possible transit-timing variations, we used an iterative process. First, a constant-period transit model was optimized based on all the data. Next, this model was used as a template to derive individual transit times, by refitting each transit with the free parameters limited to the midtransit time and a quadratic function of time to account for stellar variability. Then, we fitted a linear function of epoch to the transit times, to see if this fit was satisfactory, or if a sinusoidal model provided a better description. We combined all the data to create a phase-folded light curve, where the folding was based on either a constant period, or the individually measured transit times if TTVs had been detected. This phase-folded light curve was then fitted, leading to an improved template for measuring individual transit times. This process converged after 2-3 iterations. We did not end up identifying any TTVs that had not already been flagged by Ofir et al. (2018) .
Finally, we fitted the phase-folded light curves for all the planets in each system simultaneously, while imposing an external constraint on the stellar mean density (Section 3). This was done with the Markov Chain Monte Carlo method as implemented by ForemanMackey et al. (2013) . We imposed a Jeffreys prior on R p /R and a uniform prior on cos I. We restricted cos I > 0 because transit data alone cannot be used to determine the sign of cos I. We assumed the orbit of the innermost planet to be circular, since tidal circularization is expected to be rapid for a/R < 12. The outer planets were allowed to have eccentric orbits. Uniform priors were adopted for √ e cos ω and √ e sin ω, where e is the eccentricity and ω is the argument of pericenter. Table 1 reports the results for a/R and I. For a visual appreciation of the task of measuring inclinations, Figure 2 shows three representative light curves. Also shown are the residuals between the data and two different models: one in which the inclination is allowed to vary freely, and one in which it is held fixed at 90
• . As a test of robustness, we repeated the entire analysis, allowing eccentric orbits for all planets. Naturally, this broadened the allowed range of inclinations, but led to no qualitative changes in the results. For further validation, we performed inject-and-recovery simulations. We focused on the planets with periods shorter than one day, for which the coarse time sampling is of greatest concern. Beginning with the original time series (prior to any detrending), we injected a transit signal into the data with the parameters of the best-fitting model but a different midtransit time and orbital inclination. The fake signals were subjected to the same procedures as the real signals. This was repeated for 5 choices of cos I over the range for which transits occur. Figure 1 compares the injected and recovered inclinations, with error bars based on the 68% credible intervals. The agreement is almost always within 1-σ, lending confidence to the results. Toward 90
• , the recovered inclination always falls below the identity line, but this is only because we chose to plot the median of the posterior, which is necessarily lower than 90
• .
MINIMUM MUTUAL INCLINATIONS
For each system, we computed ∆I = |I 1 − I 2 |, where I 1 and I 2 are the fitted orbital inclinations. In general, ∆I is a lower bound on the mutual inclination. It is equal to the mutual inclination only if the two planets' trajectories across the stellar disk are parallel and on the same hemisphere of the star. Figure 3 shows ∆I as a function of a/R for the innermost planet. Among the systems with the closestorbiting planets, there are about 10 systems for which ∆I > 5
• , larger than the typical mutual inclinations that have been inferred for wider-orbiting planets.
3 The planets with a/R > 5 almost all have ∆I < 5
• , even though values of 5-10
• could have been detected in many cases. This is consistent with previous studies of the Kepler multi-planet systems, which concluded that the mutual inclinations are likely to be a few degrees or smaller (Tremaine & Dong 2012; Fabrycky et al. 2014; Fang & Margot 2012) . The planets with smaller values of a/R have a broader distribution of ∆I, nearly filling the full range of inclinations compatible with transits. Figure 3 also shows ∆I as a function of the period ratio between the innermost two planets. Higher values of ∆I are associated with larger period ratios. This reflects a pattern noted by Steffen & Farr (2013) : the period ratios tend to be higher when the inner planet's period is shorter than about one day. In that sense, the innermost planets are dynamically more separated. Our results show that these planets are also associated with minimum mutual inclinations ranging up to 10
• , higher than that of the broader population of multiplanet systems.
We quantified these impressions with a hierarchical Bayesian analysis. We compared the Bayesian evidence for the following models for the ∆I distribution:
1. A Rayleigh distribution, with width σ.
A Rayleigh distribution in which the width varies
with orbital distance: σ = σ 0 (a/R ) m .
3 The relatively large mutual inclination of EPIC 248435473b (∆I = 12.67 +0.68 −0.75 deg) was also noted by Rodriguez et al. (2018) . • (blue curve), and the corresponding residuals. In all these cases, there are patterned residuals in lowest panel, indicating that I = 90
• is disfavored.
3. A Rayleigh distribution in which the width changes abruptly from σ in to σ out at a critical value of a/R . 4. A Rayleigh distribution in which the width changes abruptly from σ in to σ out at a critical value of the period ratio, P 2 /P 1 .
To compute the likelihood as a function of the model parameters, we followed the procedure of Foreman-Mackey et al. (2014) , using the approximation
where "obs" represents the data, k specifies the planetary system, n specifies random samples from the posterior of ∆I, and θ is the set of hyperparameters. The function p 0 is the prior probability in our transit modeling (Section 4). Since we adopted uniform and independent priors for cos I 1 and cos I 2 , it can be shown that
All the hyperparameters were subject to log-uniform priors, except for the exponent m in Model 2 for which we used a uniform prior. For each model, we determined the credible intervals for the hyperparameters and the Bayesian evidence Z using the nested sampling code MultiNest (Feroz et al. 2009 ). Table 2 gives the results. Models 2 and 3 are both favored over Model 1 by ∆ log Z > 26, corroborating the visual impression that ∆I is larger for smaller orbits. Model 4 is not as successful as Models 2 and 3 but still favored over Model 1 by ∆ log Z > 14.
DISCUSSION
We found that when the innermost planet has a/R 5 (or P = 1.3 days for a Sun-like star), the minimum mutual inclination is often 5-10
• . This is somewhat higher than the typical value of a few degrees that has been previously estimated for the more general population of Kepler systems. We also found ∆I to decrease with the orbital separation of the innermost planet. This observation does not appear to be purely a selection effect because for planets with a/R between 5 and 10, we could have detected mutual inclinations larger than 5
• , and we did not.
These results may be related to some previously noted trends. Steffen & Coughlin (2016) found that the Kepler sample of "hot Earths" without additional transiting companions is larger than what one would obtain by drawing planets randomly from the multiple-transiting systems. A related observation by Weiss et al. (2018) is that the fraction of Kepler systems with multiple transiting planets is lower when the innermost planet has a period shorter than a few days. Our results offer a natural explanation: the shortest-period planets tend to have larger mutual inclinations, and thus, are more likely to be observed to transit even when the widerorbiting companions do not transit. Zhu et al. (2018) also found evidence for relatively high mutual inclinations in some Kepler systems, based on the observed frequencies of multiple transiting planets and TTVs. In their model, the inclination dispersion depends on the total number of planets in the system, ranging from 0.8
• in five-planet systems to ∼10
• for two-planet systems. It would be interesting to try and extend the model of Zhu et al. (2018) to allow the mutual inclination to depend on orbital separation in addition to, or instead of, the total number of planets. Bovaird & Lineweaver (2017) proposed that the inner protoplanetary disk may have a flat (rather than flared) geometry in which case the innermost planets tend to form with larger mutual inclinations.
We emphasize that ∆I only represents a lower bound on the mutual inclination. Moreover, if there exist systems with much larger mutual inclinations, they would be unlikely to appear in our sample, because the joint transit probability is low. Despite these limitations, our results indicate that the shortest-period planets have a different orbital architecture, with higher mutual inclinations and larger period ratios. This suggests that whatever processes led to the extremely tight orbits of these planets were also responsible for tilting the orbit to higher inclination.
Several theories have been offered for the formation of very short-period sup-Neptune planets, which differ in their predictions for mutual inclinations. Lee & Chiang (2017) proposed that the magnetospheric truncation radius determines the innermost orbit where planets can form. In this scenario, planets begin with nearlycircular, well-aligned orbits, and the innermost planet undergoes tidal orbital decay.There is no obvious agent for exciting inclinations, and therefore this scenario does not provide an explanation for the larger mutual inclinations of the shortest-period planets. Likewise, the formation scenarios proposed by Terquem (2014) and Schlaufman et al. (2010) do not provide an obvious way to excite inclinations. Spalding & Batygin (2016) proposed a scenario that does involve inclination excitation. If the host star were initially rotating rapidly, with a non-zero obliquity, the planets' orbits would undergo nodal precession at different rates and become misaligned, with the innermost planet being most strongly affected. The star would only need to be tilted by a few degrees to explain the observed values of ∆I. It is not clear whether this scenario would result in an association between higher mutual inclination and larger period ratios, as we have observed.
In the "secular chaos" or "high-e migration" scenario proposed by Petrovich et al. (2018) , the innermost planet of a multi-planet system is launched into a higheccentricity orbit via chaotic secular interactions. If the period is short and the eccentricity becomes high enough (≈0.8), tidal interactions with the host star shrink the orbit. Since eccentricity and inclination are excited together, this theory predicts that the shortest-period planets should have larger mutual inclinations, in qualitative agreement with our results. A potential problem with this picture is that for systems in mean-motion resonance (MMR), the dynamics may be dominated by the resonance instead of secular interactions. The sample of USP systems has a decent fraction of systems that are in or near MMR (5 out of 13 systems with at least 2 exterior planets).
Another possibility is forced-eccentricity migration, in which the interaction with outer companions (secularforcing, or MMR) continually excites the eccentricity of the innermost planet. This allows eccentricity tides to dissipate energy and shrink the orbit (see, e.g., Hansen & Murray 2015) . Since the planet's eccentricity never exceeds a few percent, the inclinations are only excited to a few degrees, perhaps not enough to be compatible with our results.
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